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Problem 1. Let X be a topological space, x ∈ X and n ≥ 0. Show that
the following statements are equivalent:

(i) There is an open neighbourhood of x which is homeomorphic to Rn.
(ii) There is a neighbourhood of x which is homeomorphic to an open

subset of Rn.

Problem 2. Let n ≥ 0 and let J be the set {0, . . . , n} × {−1,+1}. We
define (Uj , ϕj)j∈J by

Uk,σ = {x ∈ Sn : σxk > 0}

and

ϕk,σ : Uk,σ → Rn

x = (x0, . . . , xn) 7→ (x0, . . . , xk−1, xk+1, . . . , xn).

Show that (Uj , ϕj)j∈J is a C∞-atlas for Sn.

Problem 3. For θ ∈ R we define

ϕθ : Uθ := S1\ {(cos θ, sin θ)} → (θ, θ + 2π) ⊂ R
(cos ρ, sin ρ) 7→ ρ

(i) Explain why this is well-defined and show that (Uθ, ϕθ)θ∈R is a
C∞-atlas for S1.

(ii) Show that {
(x0, x1) ∈ S1 : x1 > 0

}
→ R

x 7→ x0

x1

is another coordinate chart for S1 and decide whether it is in the
C∞-structure defined by the atlas (Uθ, ϕθ)θ∈R.
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