1. PROBLEM SET FOR “DIFFERENTIAL GEOMETRY II”
AKA “ANALYSIS AND GEOMETRY ON MANIFOLDS”
WINTER TERM 2009/10

Problem 1. Let X be a topological space, x € X and n > 0. Show that
the following statements are equivalent:

(i) There is an open neighbourhood of = which is homeomorphic to R™.
(ii) There is a neighbourhood of x which is homeomorphic to an open
subset of R™.

Problem 2. Let n > 0 and let J be the set {0,...,n} x {—=1,+1}. We
deﬁne (Uj, (pj)jej by

Uko = {x € S": ox, > 0}
and

Pk,o* Uk,a — R"
T = (20, . &n) = (T0y. .oy Th—1, Tht1y- -+ Tn)-

Show that (Uj, ;) e is a C*-atlas for S™.

Problem 3. For § € R we define
wp: Up := S\ {(cos0,sinf)} — (0,0 +27) CR

(cos p,sinp) — p

(i) Explain why this is well-defined and show that (Up, ¢g)ser is a
C-atlas for S'.
(ii) Show that
{(aco,acl) S St: xr1 > 0} — R

Zo

x— —

z1

is another coordinate chart for S! and decide whether it is in the
C*>-structure defined by the atlas (Up, ©9)ocr-

Hand-in date: October 21.



