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Problem 4. Prove the following theorem from class, which defines the
product of smooth manifolds.

Let Mm and Nn be smooth manifolds. The topological product M ×N
is a topological (m + n)-manifold. (You do not have to show this.) Let
(Ui, ϕi)i ∈ I be a smooth atlas for M and (Vj , ψj)j∈J a smooth atlas for N .
Then (Ui × Vj , ϕi × ψj)(i,j)∈I×J is a smooth atlas for M ×N .

(Here ϕi × ψj : Ui × Vj → Rm × Rn = Rm+n with (ϕi × ψj)(x, x′) =
(ϕi(x), ψj(x′))).

Problem 5. Let M1, M2, N be smooth manifolds. For i ∈ {1, 2} we define
pi : M1 ×M2 →Mi by pi(x1, x2) = xi. Let f : N →M1 ×M2 be a function.
Prove that f is smooth if and only if p1 ◦ f and p2 ◦ f are smooth.

Remark. M1 ×M2 is the smooth manifold defined in the preceding problem.

Problem 6. Let X, Y be Hausdorff spaces and f : X → Y a continuous
map. Prove that the following statements are equivalent.

(i) For every x ∈ X and every neighbourhood U of x there is a neigh-
bourhood V of f(x) such that f [X\U ] ∩ V = Ø.

(ii) f is an embedding.

Remark. If topological spaces make you too nervous, you are allowed to
assume that they are metric spaces.
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