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Problem 23. Let i : S3 → R4 denote the inclusion map.
(i) Show that for every p ∈ S3 the kernel of the map i∗ : T ∗

p R4 → T ∗
p S3

equals
{
λ(x1dx1 + x2dx2 + x3dx3 + x4dx4) : λ ∈ R

}
.

(ii) Use this for another proof that the restriction i∗σ of

σ = x1 dx2 − x2 dx1 + x3 dx4 − x4 dx3

to S3 is nowhere zero.

Problem 24. Let V be a finite-dimensional R-vector space and

φ1, . . . , φr ∈ V ∗ =
∧1(V ).

Show that the system (φ1, . . . , φr) is linearly dependent if and only if

φ1 ∧ · · · ∧ φr = 0.

Problem 25. Let θ ∈
∧n(Rn+1) be defined by

θ =
n+1∑
k=1

(−1)kxk dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1.

Let i : Sn → Rn+1 denote the inclusion map. Express i∗θ ∈
∧n(Sn), the

restriction of θ to Sn, in the coordinates of Problem 2.

Remark. The notation dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1 means that dxk should
be omitted, i.e. it is short for dx1 ∧ · · · ∧ dxk−1 ∧ dxk+1 ∧ · · · ∧ dxn+1.

Expressing an alternating n-form in coordinates given by φ : U → Rn in
particular means to express it in the basis dφ1 ∧ · · · ∧ dφn.
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