FROM THE 8™ PROBLEM SET FOR
“DIFFERENTIAL GEOMETRY II”
AKA “ANALYSIS AND GEOMETRY ON MANIFOLDS”
WINTER TERM 2009/10

Problem 25. Let § € A\"(R"™!) be defined by

n+1
0 = Z(—l)kxk de' Ao ndak Ao A da™ T
k=1

Let i: S — R™*! denote the inclusion map. Express i*0 € A\"(S"), the restriction of 0

to S™, in the coordinates of Problem 2.

Solution. We will be more careful with the notation than we usually would be.

particular we will distinguish functions on R**! from their restrictions to S™.
We fix (¢,0) € {1,...,n+ 1} x {—1,+1} and consider.

0ro0:Upe ={x€S": o2y >0} - R"
i $‘7 (¢] ’L., j < f,

SOK,O' - .CEj+1 o i, ] > /.
We have
1) >@)? | oi=1

J
and applying d yields
(2) 2 (27 0d)-d(a? 0i) =0.
J
Now we have
7 (xgdml /\--'Aga?/\--‘/\dx”H) = (a:éoi)dgp%p A= Ndpy .

For k < ¢ we obtain using (2)
i* (xgdxlA---ACT:(:\kA---Ad:c”Jrl)

= —dpj, A Ndpf N N A D el di) | Adl, A N digy,
j

—_— Zi
= —dpj, N Ndpf N Ndg A O o dol o Ny N N},

= (_1)£7kgp§,adsoé,a ARRRNA dSOZO"
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For k > ¢ we obtain

it (:Bgd:xl/\---/\dfnk/\-~-/\d:n"+1>

=—dpj, NNy A gl del | N A Nl A N digy,
i

—

= —dpj, N N Nyt Ndgl, A Ndgp gt A N dgy
= (1) oy oy, A N},
Summarizing, we have
i ((—1)k$g Azt A AdTF A A d:n”“) = (—1)(azF o i)dgo}p A Ndpy

for all k£ and hence

. (N~ (o)’ .
7“9:(_1) Z V] dSDZJ/\ Ad(pfa
— ztoi
. (_1)6 1 n
- wgoidgpﬁ,a/\ /\dgpéa
—1/2
N2
=0- (71)Z 172 (cpia) dcpia/\'--/\dgoza,
J
where we have used (1) for the last two equalities. O

Remark. If we want to check whether we got the signs right, it is easy to do so. Let
p = (¢r0)"1(0). We have 27(p) = 06, ;. Calculation or staring hard reveals that the
frame corresponding to ¢y, satifsfies

o
(B =7 15
’ 0 >
Oxi+1o .7 -

Therefore

(i*9)<E1,p7 .. '7En,p) = 9p (8:1;1’ ey w, ey W) = (-1)4’1]{(1)) - (—I)KU

This is in accordance with

. 2
g (_1)8 1 - Z (@Z,U) dgoé,a A Ndopf, (Brps -y Enp) =

J



