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Problem 25. Let θ ∈
∧n(Rn+1) be defined by

θ =
n+1∑
k=1

(−1)kxk dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1.

Let i : Sn → Rn+1 denote the inclusion map. Express i∗θ ∈
∧n(Sn), the restriction of θ

to Sn, in the coordinates of Problem 2.

Solution. We will be more careful with the notation than we usually would be. In
particular we will distinguish functions on Rn+1 from their restrictions to Sn.

We fix (`, σ) ∈ {1, . . . , n + 1} × {−1,+1} and consider.

ϕ`,σ : U`,σ = {x ∈ Sn : σx` > 0} → Rn

ϕj
`,σ =

{
xj ◦ i, j < `,

xj+1 ◦ i, j ≥ `.

We have ∑
j

(xj)2

 ◦ i = 1,(1)

and applying d yields

2
∑

j

(xj ◦ i) · d(xj ◦ i) = 0.(2)

Now we have

i∗
(
x` dx1 ∧ · · · ∧ d̂x` ∧ · · · ∧ dxn+1

)
= (x` ◦ i)dϕ1

`,σ ∧ · · · ∧ dϕn
`,σ.

For k < ` we obtain using (2)

i∗
(
x` dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1

)
= −dϕ1

`,σ ∧ · · · ∧ d̂ϕk
`,σ ∧ · · · ∧ dϕ`−1

`,σ ∧

∑
j

ϕj
`,σdϕj

`,σ

 ∧ dϕ`
`,σ ∧ · · · ∧ dϕn

`,σ

= −dϕ1
`,σ ∧ · · · ∧ d̂ϕk

`,σ ∧ · · · ∧ dϕ`−1
`,σ ∧ ϕk

`,σdϕk
`,σ ∧ dϕ`

`,σ ∧ · · · ∧ dϕn
`,σ

= (−1)`−kϕk
`,σdϕ1

`,σ ∧ · · · ∧ dϕn
`,σ.
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For k > ` we obtain

i∗
(
x` dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1

)
= −dϕ1

`,σ ∧ · · · ∧ dϕ`−1
`,σ ∧

∑
j

ϕj
`,σdϕj

`,σ

 ∧ dϕ`
`,σ ∧ · · · ∧ d̂ϕk−1

`,σ ∧ · · · ∧ dϕn
`,σ

= −dϕ1
`,σ ∧ · · · ∧ dϕ`−1

`,σ ∧ ϕk−1
`,σ dϕk−1

`,σ ∧ dϕ`
`,σ ∧ · · · ∧ d̂ϕk−1

`,σ ∧ · · · ∧ dϕn
`,σ

= (−1)k−`ϕk−1
`,σ dϕ1

`,σ ∧ · · · ∧ dϕn
`,σ

Summarizing, we have

i∗
(
(−1)kx` dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1

)
= (−1)`(xk ◦ i)dϕ1

`,σ ∧ · · · ∧ dϕn
`,σ

for all k and hence

i∗θ = (−1)`
n+1∑
k=1

(xk ◦ i)2

x` ◦ i
dϕ1

`,σ ∧ · · · ∧ dϕn
`,σ

=
(−1)`

x` ◦ i
dϕ1

`,σ ∧ · · · ∧ dϕn
`,σ

= σ · (−1)`

1−
∑

j

(
ϕj

`,σ

)2

−1/2

dϕ1
`,σ ∧ · · · ∧ dϕn

`,σ,

where we have used (1) for the last two equalities. �

Remark. If we want to check whether we got the signs right, it is easy to do so. Let
p = (ϕ`,σ)−1(0). We have xj(p) = σδ`,j . Calculation or staring hard reveals that the
frame corresponding to ϕ`,σ satifsfies

i∗(Ej,p) =

{
∂

∂xj , j < `,
∂

∂xj+1 , j ≥ `.

Therefore

(i∗θ)(E1,p, . . . , En,p) = θp

(
∂

∂x1
, . . . ,

∂̂

∂x`
, . . . ,

∂

∂xn+1

)
= (−1)`x`(p) = (−1)`σ.

This is in accordance withσ · (−1)`

1−
∑

j

(
ϕj

`,σ

)2

−1/2

dϕ1
`,σ ∧ · · · ∧ dϕn

`,σ

 (E1,p, . . . , En,p) =

= σ · (−1)`

1−
∑

j

(
ϕj

`,σ(p)
)2

−1/2

= σ · (−1)`.


