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10. Manifolds
34. Let α, β : R2 → R2 be the following homeomorphisms.

α(x, y) = (−y + 1,−x), β(x, y) = (−y − 1,−x).

Let Γ be the subgroup of the group of homeomorphisms of R2 which is generated by
these two elements.

(i) Find an abelian subgroup of index 2 of Γ.
(ii) Find all relations between α and β.
(iii) Identify the orbit space R2/Γ.
(iv) The subgroup found in (i) corresponds to a covering of R2/Γ. Describe it.

35. Prove that SO(3) ∼= RP3.

36. We can idendify O(k)×O(l) with a subgroup of O(k + l) by placing matrices diagonally
next to each other. The set of cosets O(k + l)/(O(k) × O(l)) can then be given the
quotient topology. With these definitions, prove that O(n + 1)/(O(1)×O(n)) ∼= RPn.

37. Show that the inclusion map O(n)→ GL(n) is a homotopy equivalence.

Hint. Parametrize Gram-Schmidt.
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